In this article we show that the payment flow of a linear tax on trading gains from a security with a semimartingale price process can be constructed for all càglàd and adapted trading strategies. It is characterized as the unique continuous extension of the tax payments for elementary strategies w.r.t. the convergence "uniformly in probability". In this framework we prove that under quite mild assumptions dividend payoffs have almost surely a negative effect on investor's after-tax wealth if the riskless interest rate is always positive.
Introduction
In this article we want to answer the following question. Can tax payments on capital gains be modeled for continuous time trading strategies of the kind they generally appear in mathematical finance ? Most of these strategies possess infinite variation, as e.g. the optimal stock position in the Merton problem or the replicating portfolio of an option in the Black Scholes model. A straight forward construction of the tax payment flow, analogous to time-discrete models, would be based both on accumulated purchases and accumulated sales of assets, but of course these quantities explode if strategies are of infinite variation.
For simplicity we consider a linear taxing rule with factor α ∈ (0, 1), i.e., if an asset with stochastic price process S is purchased at time t 1 and sold at time t 2 , the trading gains S t 2 − S t 1 are taxed at α(S t 2 − S t 1 ). At first glance, it may seem strange that an investor gets a tax repayment if she makes a loss, but negative payments for losses, so-called tax credits, can be interpreted as an offset against taxes she would have to pay on profits from other assets in her portfolio.
An important feature of the tax code is that trading gains are taxed not before the asset is liquidated, i.e. the gain is realized. Thus the investor can influence the timing of the payments, namely she holds a deferral option. Possible dividend payments are taxed immediately. A crucial observation is the following. If the investor buys e.g. 100 General Motors stocks at time t 1 , another 100 at time t 2 , and sells 100 at time t 3 , it does matter which of the stocks she sells, as in general α · 100(S t 3 − S t 2 ) = α · 100(S t 3 − S t 1 ). At some terminal date t 4 , when the portfolio is liquidated, the difference of the accumulated tax payments disappear, as α · 100(S t 3 − S t 2 ) + α · 100(S t 4 − S t 1 ) = α · 100(S t 3 − S t 1 ) + α · 100(S t 4 − S t 2 ), but the order still matters for discounted payments if the riskless interest rate does not vanish. For a positive riskless interest rate it is more favorable to realize smaller trading gains first. Moreover, if the price falls below the purchase price of a security, it is worthwhile to sell the security in order to realize the trading loss and rebuy it immediately. This is called a wash sale. For investors wash sales are a method to claim a capital loss without actually changing their position. The regulation described above that leaves it up to the taxpayer to choose which trading gain to realize first when a stock position is reduced is called the exact tax basis. An example is the U.S. tax law allowing investors to use a separate tax basis for each security. But, there are also other tax codes, specifing the basis to which the price of a security has to be compared in order to evaluate the capital gains (or losses). In some countries the basis is the average purchase price of all stocks of the same firm (e.g. in Canada) or the price of the stock which was bought first ("first-in-first-out", a procedure followed e.g. in Germany). Of course, the exact tax basis offers the investor the maximal possible flexibility to make use of her tax-timing option. Economically, the exact tax basis seems to be the most reasonable one as highly correlated stocks of different firms are anyhow considered separately.
Although in practice capital gains taxes may be the most relevant market friction, there is only little literature on capital taxes in advanced continuous time models. Tahar, Soner, and Touzi [20, 21] solve the Merton problem with proportional transaction costs and a tax based on the average of past purchasing prices. The advantage of this approach is that the optimization problem is Markov with the one-dimensional tax basis as additional state variable. Cadenillas and Pliska [6] and Buescu, Cadenillas, and Pliska [5] maximize the long-run growth rate of investor's wealth in a model with taxes and transaction costs. Here, after every portfolio regrouping the investor has to pay capital gains taxes for her total portfolio. Jouini, Koehl, and Touzi [13, 14] consider the first-in-first-out priority rule with a deterministic asset price and derive first-order conditions for the optimal consumption problem. DeMiguel and Uppal [8] and Dybvig and Koo [9] model the exact tax basis, as in the current article, but in discrete time and relate the portfolio optimization problem to nonlinear programming.
Whereas in models with proportional transaction costs it is quite obvious that strategies of exploding variation lead to exploding costs and thus to an immediate ruin for sure, capital gains taxes do not explode. Namely, taxes are not triggered by portfolio regroupings alone if there are no price changes. In addition, even if the investment strategy forces that gains from upward movements of the stock are realized, there is to some extent an offset by losses due to tax credits. On the other hand, a straightforward generalization of the model by [8, 9] to continuous time is only available for finite variation strategies -as not only the number of shares held in the portfolio enters in the self-financing condition, but it is based on both purchases and sells. In this article we show how tax payments can nevertheless be constructed under the condition that stocks are semimartingales.
As an application, we want to compare different dividend policies. As dividend payoffs, in contrast to (unrealized) book profits, have to be taxed immediately, capital gains taxes are also relevant for dividend policies. Among economists there have been extensive discussions about optimal dividend policies. In the famous article by Miller and Modigliani [18] their effect on the current stock price is considered and their irrelevance for the firm valuation is shown in perfect markets (i.e. without taxes). A question arising from [18] is: "Why do firms pay dividends?". The so-called dividend puzzle, at first appearing in Black [4] , states that there are no rational reasons for a firm to pay dividends. Bernheim [3] solves this puzzle considering a model (with taxes) in which firms attempt to signal profitability by distributing cash to shareholders. For a survey on these general but mainly less formal discussions on dividend policies we refer to the book of Lease et al. [16] .
Anyway, it seems to be quite obvious that dividends have in principle a negative impact on investors' after-tax wealths. Indeed, let r t > 0 be the floating rate. By strict convexity of exp we have
(1.1)
The LHS of (1.1) can be interpreted as the value of a bank account with initial capital 1, if capital gains are taxed at time t with factor α. The RHS corresponds to the same situation, but capital gains are already taxed at the time they occur. This tax regulation takes effect if interest is paid out as a continuous, positive dividend (the after-tax dividend is then reinvested in the bank account). However, considering dynamic trading strategies and asset price processes that are not increasing with probability 1, a proof of the conjecture that the effect of dividends is always negative, is even in discrete time much more tricky than (1.1). In the framework provided in this article, we give a proof of this assertion in a general continuous time model.
The article is organized as follows. In Section 2 we will present the model and the first main result, Theorem 2.7, showing how to construct tax payment processes for adapted, leftcontinuous trading strategies. In Section 3 basic properties of the book profits of a portfolio are discussed. They are used in the proof of Theorem 2.7 in Section 4. In Section 5 the self-financing condition of the model is introduced. In Section 6 the second main result, Theorem 6.3, showing that the investor is always better off in a model with a stock, that does not pay dividends, is stated and proved. Section 7 gives examples showing the necessity of some assumptions.
Construction of the tax payment process
Throughout the article we fix a terminal time T ∈ R + and a filtered probability space (Ω, F, (F t ) t∈[0,T ] , P ) satisfying the usual conditions. Denote by O (resp. by P) the optional σ-algebra (resp. the predictable σ-algebra) on Ω × [0, T ]. For optional processes X, X n , n ∈ N we write X n up → X if X n converges uniformly in probability to X, i.e. sup t∈[0,T ] |X n t − X t | converges to 0 in probability. Equality of processes is understood up to evanescence. A process X is called làglàd iff all paths possess finite left and right limits (but they can have double jumps). We set ∆ + X := X + − X and ∆X := ∆ − X := X − X − , where X t+ := lim s↓t X s and X t− := lim s↑t X s . For an investor trading in finitely many different stocks the total tax payment is just the sum of the tax payments considering only gains from one type of stock. Thus, in this section, it is sufficient to consider only one risky asset (sometimes called stock). Its price process is given by the semimartingale (S t ) t∈[0,T ] (thus the paths are càdlàg). The stock pays out nonnegative dividends. Accumulated dividends per share are modeled by the nondecreasing adapted càdlàg process (D t ) t∈[0,T ] . All capital gains (positive or negative) are taxed with the rate α ∈ (0, 1). But, whereas dividends are taxed immediately trading gains arising from stock price movements are not taxed before they are realized. Denote by L the set of all left-continuous adapted processes possessing finite right limits. The investor's strategy is the number of stocks she is holding and it is modeled by some ϕ ∈ L with ϕ 0 = 0 and ϕ ≥ 0. The short-selling constraint is mainly for notational convenience (with the representation of the book profits). But, one should also rule out the possibility that the investor can hold one long and one short position of the same stock at the same time as this can lead to an arbitrage opportunity under a linear tax rule and a positive riskless interest rate (losses are realized immediately and the corresponding gains are deferred, cf. Constantinides [7] ). The assumption that ϕ 0 = 0 is solely for notational convenience (cf. (2.3)), it does not rule out that the investor starts with a bulk trade ϕ 0+ > 0.
At first we describe the unrealized trading gains per share when the investor follows the dynamic strategy ϕ.
the book profit function.
By ϕ 0 = 0 and ϕ ≥ 0, we have that
and thus
F should be interpreted as follows. All shares with price S the investor holds in her portfolio are sorted by their book profits in ascending order and labeled by the variable x. Then, x → F ω (t, x) maps each infinitesimal piece of the portfolio position onto its book profit at time t. This is a profit that is demonstrated on paper, but not actually real yet. τ t,x is the time at which the share possessing at time t with label x was bought and kept in the portfolio afterwards at least up to time t, apart from later rebuys caused by wash sales. The definition of F already takes into account that losses are realized immediately by wash sales, i.e. a share with a negative book profit is sold and repurchased immediately (thus the unrealized book profits in the model are nonnegative) and if assets are sold, always the shares with the lowest book profits are removed from the portfolio (i.e. the shares with the smallest label x) * . By the wash sales and the fact that a newly bought share starts with book profit zero, a share with a longer stay in the portfolio possesses a higher (or equal) book profit. The trading profit of piece x splits into
unrealized book profits
Proposition 2.2. F (t, x) and τ t,x fulfill the following properties:
(i) The mapping x → τ t,x is nonincreasing on [0, ϕ t ]. * Without these implicit assumptions the number of shares has to be double indexed. In the discrete time models of [8] and [9] Ns,t is the number of shares bought in period s and kept in the portfolio at least up to period t.
The proof can be found at the beginning of Section 3. Of course, F (t, x) will only be used for x ≤ ϕ t . Possible states and developments over time of F can be seen in Fig. 1 and Fig. 2 .
Remark 2.3. To ensure that the function x → F (t, x) is left-continuous, we have to consider ϕ u+ besides ϕ u in the construction of M t,x . In particular double jumps do not occur. However, for the following construction of the tax payment process the values of F at the points of discontinuity do not matter. F ω (t, ·) | (0,ϕt(ω)] can also be seen as the left-continuous inverse of the distribution function of the book profits over all shares that are in the portfolio at time t (distribution function means the number of shares with book profits smaller than or equal to a given bound).
can evolve in a 4-period model, i.e. t ∈ {0, 1, 2, 3, 4}. We choose the strategy ϕ = (ϕ 1 , . . . , ϕ 5 ) = (9, 10, 14, 10, 10) and the stock price S = (S 0 , . . . , S 4 ) = (100, 103, 104, 105, 102). On the abscissa we have the shares ordered by their book profits and on the ordinate the book profits F (t+, x), i.e. after the portfolio regrouping at time t. Observe that at time t = 4, i.e. in the fourth picture, one share (at the very left) is sold and bought back to realize a loss of one monetary unit (wash sale).
Whereas the book profit function in (2.1) is directly defined for all ϕ ∈ L, it turns out that a straight forward construction of the tax payment process, analogous to time-discrete models, would be based on both the accumulated purchases and the accumulated sales (this is as both effects are quite different). Thus, in a first step, we define the tax payments only for elementary strategies. Then, in Theorem 2.7 we show that it can be extended to all leftcontinuous adapted processes. However, this extension is not obvious and relies, amongst other things, on the assumption that S is a semimartingale (see Remark 7.2) . With the help of (2.1) we define a process Π which reflects the accumulated tax payments up to time t.
Definition 2.4 (Accumulated tax payments for elementary strategies). Let ϕ be a nonnegative elementary strategy, s.
. ≤ κ k = T are stopping times and H i−1 is F κ i−1 −measurable. Let τ resp. F be as in Definition 2.1. Then we define
where H −1 := 0, as the tax payment process of the elementary strategy ϕ (The limit
(Π is obviously well-defined, i.e. it does not depend on the representation of ϕ)
Remark 2.5. Let us explain the three components of Π.
• α
tax payments by selling stocks with elementary strategies, at finitely many points in time. A downward jump of the elementary strategy forces the investor to realize the book profits of the shares she sells. As F ≥ 0 this term is always nonnegative.
•
this value is always less or equal to zero. The i-th summand models the tax credits due to realized losses by wash sales between the trading times κ i−1 and κ i . This equals minus the local time (in the sense of Asmussen [1] , page 251). Namely, the book profit of piece x is the solution of a Skorokhod problem started at F (κ i−1 +, x) in which the stock price movements are reflected at 0 (note, however, that this interpretation is only valid in between portfolio regroupings). The local time we consider has jumps iff downward price jumps dominate previous book profits. Thus, it is in general different from the local time in the sense of Jacod [10] , (5.47). But for S being a continuous semimartingale both local times coincide, see the appendix of Yor [23] .
• α t 0 ϕ u dD u : taxes on dividends have to be paid immediately.
The equality above can generally not be formulated for every strategy ϕ ∈ L. If ϕ has infinite variation, have a look at Section 7 to see possible problems.
Remark 2.6. It is quite natural that the tax payment process has double jumps. Namely the stock price is right-continuous whereas the strategy is left-continuous and the tax payments are both triggered by downward jumps of the stock (through wash sales) and by sales of stocks following the strategy ϕ. Theorem 2.7. Let ϕ ∈ L and (ϕ n ) n∈N be a sequence of elementary strategies with ϕ n 0 = 0, ϕ n ≥ 0, and ϕ n up → ϕ. We have that the accumulated tax payments Π n for ϕ n (as defined in Definition 2.4) are optional processes with làglàd paths. In addition, there exists an optional process Π possessing almost surely làglàd paths such that Π n up → Π. Different choices of upapproximating sequences of ϕ lead to the same Π up to evanescence.
Consequently, the mapping ϕ → Π(ϕ) from Definition 2.4 possesses an up to evanescence unique extension
which is continuous w.r.t. the convergence uniformly in probability. The extension, also called Π, possesses the jumps
Note that any ϕ ∈ L with ϕ ≥ 0 can be approximated uniformly in probability by a sequence of nonnegative elementary strategies (see e.g. Theorem II.10 in [19] ). Definition 2.8. For ϕ ∈ L with ϕ ≥ 0 the tax payment process Π(ϕ) is defined as the limit process in Theorem 2.7.
Properties of the book profit function
In this section we will state some properties of F (t, x). These are necessary in the next section for showing convergence of Π n .
Proof of Proposition 2.2. (i): Let
(ii): Follows immediately from (2.3).
(iv): By (ii) it is enough to show left-continuity at x ∈ (0, ϕ t ]. We have x − ϕ t + ϕ u > 0 for all u ∈ (τ t,x , t] and x − ϕ t + ϕ u+ > 0 for all u ∈ (τ t,x , t). Since the infimum of a càglàd process is attained in the right or the left limit on a compact interval, we have that for all ε > 0
Therefore, there exists δ 0 > 0 s.t. for all δ ∈ (0, δ 0 ]
Thus, either M t,x−δ = ∅ or 0 ≤ sup M t,x−δ ≤ τ t,x + ε. If the first holds for some δ ∈ (0, δ 0 ], it also holds for all smaller positive numbers and zero. In this case the left-continuity is obvious as τ t,y = τ t,x = t for all y in a left neighborhood of x. In the second case we have τ t,x−δ − τ t,x ≤ ε and, by (i), τ t,x−δ ∈ [τ t,x , τ t,x + ε] for all δ ∈ (0, δ 0 ]. By the right-continuity of S we are done. 
then we have
Proof. We fix some ω ∈ Ω satisfying (3.1) and omit it in the rest of the proof. Let x ≤ ϕ t − 2ε. By (3.1) we have M t,x+2ε ⊂ M t,x . This gives sup M t,x+2ε ≤ sup M t,x . Furthermore, by (2.2), we have M t,x+2ε = ∅ and thus τ t,x+2ε = sup M t,x+2ε ≤ sup M t,x ≤ τ t,x which implies
By symmetry we obtain (3.3).
In the next section we prove that Π is an optional process. For that we need to check some measurability of F . Proof. Since x → F ω (t, x) is left-continuous and on [0, ϕ t ] also nondecreasing we have
As {(ω, t, x) | x ≤ ϕ t (ω)} ∈ P ⊗ B(R + ) it remains to show that (ω, t) → F ω (t, q) is O − B(R + )−measurable for every fixed q.
Step 1: Let us show that (ω, t) → τ t,q (ω) is P − B(R + )−measurable. Define the (random) sets 
Let n ∈ N, u ∈ M t,q . There exists v ∈ Q arbitrary close to u with v ∈ M n t,q and thus
Now assume that q ≤ ϕ t , i.e. τ t,q = sup M t,q by (2.3). First notice that q − ϕ t + ϕ u > 0 for all u ∈ (τ t,q , t] and q − ϕ t + ϕ u+ for all u ∈ (τ t,q , t). As the infimum of a càdlàg process is attained in the right or the left limit on a compact interval, we have that for all ε > 0
This implies sup M n t,q ≤ τ t,q + ε = sup M t,q + ε for all n ≥ N . Together with (3.5) we obtain (3.4). (3.4), the predictability of sup M n ·,q and again (2.3) imply the predictability of (ω, t) → τ t,q (ω).
Step 2: We have
and by Step 1 {(ω, t) | τ t,q (ω) < y} ∈ P. Since S is optional it follows that F (·, q) is also optional which completes the proof.
Proof of Theorem 2.7
Proposition 4.1. For any elementary strategy ϕ we have
This proposition is the key step to prove Theorem 2.7. Namely, by the semimartingale property of S and D the integrals converge if ϕ n → ϕ and with Lemma 3.1 it can be shown that also the corresponding book profits ∞ 0 F (t, x)dx converge (for the latter one needs that ϕ n converges uniformly in probability and not only pointwise). To prove the proposition we need the following lemma. 
Proof. Let t 1 , t 2 ∈ (κ i−1 , κ i ], i.e. ϕ t 1 = ϕ t 2 . As x > 0 we have M t 1 ,x , M t 2 ,x ⊂ [0, κ i−1 ] which leads, again by ϕ t 1 = ϕ t 2 , to M t 1 ,x = M t 2 ,x . By x ≤ ϕ t 1 we have 0 ∈ M t 1 ,x = ∅ and arrive at
By (4.2) the limit lim s↓κ i−1 τ s,x =: τ κ i−1 +,x exists and coincides with τ t,x , t ∈ (κ i−1 , κ i ]. This leads to − inf
where for the second equality we use that, by (4.
, t] and we distinguish the cases inf τt,x≤u≤κ i−1 S u ≥ inf κ i−1 ≤u≤t S u and inf τt,x≤u≤κ i−1 S u < inf κ i−1 ≤u≤t S u . Using (4.3), the right-continuity of S, and the definition of F we immediately see the LHS of (4.3) equals
and the RHS of (4.3) equals
So we are done.
Proof of Proposition 4.1. Let ϕ be as in Lemma 4.2. First we consider increments of (4.1) on
By Lemma 4.2 we arrive at
where in the last equality we use that ϕ s = ϕ t 1 for all s ∈ (t 1 , t 2 ]. This means that (4.1) holds true for all increments on (κ i−i , κ i ]. As it obviously holds for t = 0, it remains to show that the right jumps of the processes t → ∞ 0 F (t, x)dx and Π at κ i−1 sum up to 0 as the LHS of (4.1) is right-continuous. By similar arguments as in the proof of Proposition 2.2(v), we obtain τ κ i−1 +,x = τ κ i−1 ,x−(ϕ κ i−1 + −ϕκ i−1 ) ∀x ∈ R + with the convention τ κ i−1 ,y := t ∀y < 0. (4.4) With the convention F (κ i−1 , y) = 0 for y < 0 we obtain 5) in which the first equality follows from the definition of F using that S is right-continuous and τ t,x = τ κ i−1 +,x for all t ∈ (κ i−1 , κ i ] and x > 0. (4.5) means that
and we are done.
Proof of Theorem 2.7. Let (ϕ n ) n∈N be a sequence of nonnegative elementary strategies with ϕ n 0 = 0 and ϕ n up → ϕ. ¿From Proposition 3.2 we know that (ω, t,
Together with Proposition 4.1 and the fact that ϕ n • S and ϕ n • D are optional, this implies that Π n is also optional.
In the next step, we want to show, that (Π n ) n∈N is an up-Cauchy sequence. Again by Proposition 4.1 it is enough to show that (ϕ n • S) n∈N , (ϕ n • D) n∈N , and ∞ 0 F n (·, x)dx n∈N are up-Cauchy sequences. Since ϕ n up → ϕ and S, D are semimartingales, we know, e.g. from Theorem II.11 in [19] , that (ϕ n • S) n∈N , (ϕ n • D) n∈N are up-Cauchy sequences. It remains to consider
Let ε > 0. As S possesses càdlàg paths, there exists K ∈ R + s.t.
As ϕ n up → ϕ, there exists N ε ∈ N such that for all n, m ≥ N ε we have
By Lemma 3.1 we have
We get
So, we have that (Π n ) n∈N is an up-Cauchy sequence. Since the space of làglàd functions (also called regulated functions) mapping from [0, T ] to R is complete w.r.t. the supremum norm, there exists an optional làglàd process Π s.t. Π n up → Π (optionality follows from pointwise convergence up to evanescence of a suitable subsequence and the usual conditions).
Let us now show (2.4). Let t ∈ (0, T ], x 0 ∈ (0, ϕ t ) and assume that
is a book profit function in the sense of Definition 2.1, but for the modified stock price process S u := 1 (u<t) S u + 1 (u≥t) S t− (this modification removes the impact of ∆S t on the book profits). By the left-continuity of ϕ, for any ε ∈ (0, ϕ t − x 0 ) we have τ t,x 0 +ε ≤ τ s,x 0 ≤ τ t,x 0 −ε for s smaller but close enough to t. Here, we also use that τ t,x 0 +ε ≤ τ t,x 0 < t by x 0 ∈ (0, ϕ t ). It follows that inf τ t,x 0 +ε ≤u<t
By the continuity of F (t, ·) in x 0 the left and the right bound are close together for ε small. We conclude that lim s<t,s→t F (s, x 0 ) =: F (t−, x 0 ) exists and
(For elementary strategies F (t−, x) exists for all x ∈ R + , as in this case τ s,x = τ t,x for s smaller but close to t, but for strategies that are not piecewise constant it is easy to find counterexamples). By (4.7) and a distinction of the cases S t < inf τt,x 0 ≤u<t S u and S t ≥ inf τt,x 0 ≤u<t S u , we obtain F (t, x 0 ) = 0 ∨ (F (t−, x 0 ) + ∆S t ) and thus
By monotonicity, the mapping x → F (t, x) has at most countably many discontinuities, so that we can conclude that lim s<t,s→t ∞ 0 F (s, x) dx exists and
(interchanging integral and limit is possible as F and S are bounded for a fixed ω). By construction of Π, Proposition 4.1 holds for all ϕ ∈ L. Together with (4.8) and ∆(ϕ • (S + D)) = ϕ∆(S + D) this implies (2.4). It remains to prove (2.5). For the approximating elementary trading strategies ϕ n it follows immediately from Definition 2.4. As we have that (∆ + ϕ n ) − converges to (∆ + ϕ) − uniformly in probability,
follows by the same arguments as in the proof of Lemma 3.1. Putting everything together the assertion follows.
Self-financing condition
To prepare Section 6 we introduce the self-financing condition of the model which is a natural generalization of the standard continuous time self-financing condition without taxes.
Besides the risky stock with price process S and dividend process D the market consists of a so-called bank account. Formally the bank account can be seen as a security with price process 1 and dividend process
where the locally riskless interest rate r is a predictable, nonnegative, and integrable process. This simplifies the analysis as increments of B are taxed immediately and we need not consider unrealized book profits of the bank account (as for the risky stock).
Definition 5.1 (Wealth process and self-financing condition). Let X be an optional process modeling the number of monetary units in the bank account and ϕ ∈ L models the number of stocks the investor holds in her portfolio. The wealth process V of the strategy (X, ϕ) is defined as
A strategy (X, ϕ) is called self-financing with initial wealth v 0 , iff
with Π from Definition 2.8.
As B is continuous it is sufficient to assume that X is optional instead of predictable. Thus, the after-tax dividend (1 − α)ϕ t ∆D t of the stock can be included in the number of monetary units X t . Note that an immediate reinvestment of the payoff in the stock would only affect ϕ t+ but not ϕ t .
Remark 5.3. For any ϕ ∈ L, v 0 ∈ R there exists a unique optional process X s.t. (X, ϕ) is self-financing. Indeed, plugging (5.2) into (5.3) we get
Now, an optional process X solves (5.4) iff X is làglàd, the càdlàg process X + solves the SDE
(which has of course a unique solution Z, cf. e.g. Theorem V.7 in [19] ), and
(5.3) means that increments of the wealth process solely result from trading gains and tax payments. An alternative condition is that the portfolio regroupings do not involve costs. The latter condition may be more intuitive, but it has the drawback that it can only be stated for strategies that can be used as integrators (thus some trading strategies that are no semimartingales would be excluded although they could make sense economically). Let ϕ and Π be as in Definition 2.4. The alternative self-financing condition reads
It is an easy exercise to prove equivalence of (5.5) and (5.3) for elementary strategies.
Comparison of different dividend policies
In this section we investigate the effect of different dividend policies on investor's after-tax wealth.
In particular we show that the effect of dividends is always negative under the mild condition that the dividend policy has no effect on the stochastic return process. This assumption is formalized by the following definition.
Definition 6.1. Let R be a semimartingale with ∆R ≥ −1 and s 0 ∈ R + . Then, for any nondecreasing càdlàg process D we define S D as the unique solution of
We call D admissible iff S D ≥ 0, i.e. we only consider dividend payoffs that do not exceed the stock price. R is the return process modeling the stochastic profit per invested capital.
Observe that for any admissible D the stock price S D stays at zero once the process or its left limit hit it. Note that by ∆R ≥ −1, D = 0, which corresponds to the model without dividends, is admissible. Alternatively, one can start with an arbitrary nondecreasing process D with
modeling accumulated dividends as multiples of the current stock price, and consider the SDE
Then, S D = S for D := S − • D and by (6.2) the stock price is nonnegative. But, as for an arbitrary admissible dividend process D the integral
• D may explode, Definition 6.1 is slightly more general.
Remark 6.2. (6.1) says that we have the same R for all processes D, i.e. there holds a scaling invariance of the stochastic investment opportunities. The negative effect of dividends on the after-tax wealth is essentially based on this property. It is e.g. not satisfied in the Bachelier model with dividends.
Note that we do not assume that dividend payoffs are accompanied by downward jumps of the same size of the stock price. Such a behavior can be explained by no-arbitrage arguments if dividends are predictable. However, the framework also allows for a spontaneous dividend payment ∆D t , e.g. if ∆R t is large.
Remember that we consider a market model with two investment opportunities: a risky stock with price process S D and dividend process D (interrelated by Condition (6.1)) and a locally riskless bank account. The latter is an asset with price process 1 and the nondecreasing dividend process B from (5.1). We denote the model by ((S D , D), (1, B) ). Now we compare the situation of an arbitrary admissible dividend process D with the situation of no dividends. In the latter model we use the subscript 0, i.e. S 0 , Π 0 , V 0 , etc. The following theorem is the main result of this section. 
is nonincreasing.
Proof. The case s 0 = 0 is obvious. Let s 0 > 0 and define τ := inf{t ≥ 0 | ∆R t = −1}. By the formula of Yoeurp-Yor [22] (see also [12] ) we have
The second factor of the RHS of (6.4) is obviously a nonincreasing process. As
The key step to prove Theorem 6.3 is the following lemma.
This means that for an arbitrary strategy in the model with dividends there exists a strategy in the model without dividends leading to the same trading gains in the risky stock but not exceeding accumulated tax payments. The money invested in the stock is the same for both strategies. If price processes do not vanish, we can recover ϕ D from ϕ 0 by investing the dividend payoffs in new stocks. This is illustrated in Figure 3 . 6) where for the last equality we use that {S 0 − = 0} ⊂ {S D − = 0} and the process
By construction of Π, Proposition 4.1 holds for all strategies from L, i.e.
(and the same without dividends). Together with (6.6) we obtain
Step 2: Let us show that for ϕ 0 t > 0 (implying that ϕ D t > 0 and
We first note that
(cf. Definition 2.1). It is sufficient to consider x s.t. both sets are not empty. We have
We conclude
where for the last inequality we use that
is nondecreasing by Lemma 6.4. By
.
Step 3: For ϕ 0 t > 0 (implying S 0 t− > 0 and ϕ D t > 0) we have that
Observe that for the second inequality we use that S D t− /S 0 t− ≤ S D u /S 0 u for u strictly smaller than t (all considered prices are nonzero). ¿From (6.10) it follows that for ϕ 0 t > 0
Both imply that F D (t, ·) = 0 and consequently the first difference in (6.11) is nonnegative. Putting (6.7) and (6.11) together we are done.
Proof of Theorem 6.3. Let ϕ D ∈ L. ϕ 0 is defined as in Lemma 6.5 and X D , X 0 are the unique positions in the bank account to meet the self-financing condition (cf. Remark 5.3). Let us first examine the right limits V 0 + and V D + . By the self-financing condition we have
On the other hand we have
By Gronwall's lemma in the form of Lemma 2.1 in [15] applied to the nonnegative càdlàg process (X D + − X 0 + ) ∨ 0 and the nondecreasing process B (here we need that r ≥ 0), we obtain X D + ≤ X 0 + and thus
Note that we cannot apply the lemma to X D and X 0 directly, as these processes are not càdlàg. Thus we have to analyze the right jump of V D − V 0 . For ϕ D t = 0 we also have ϕ 0 t = 0 and the jump at time t vanishes. Otherwise, we argue
The last inequality uses that S 0 t /S D t ≥ S 0 t− /S D t− by Lemma 6.4. Putting (6.12) and (6.13) together we obtain
(Counter-)Examples
In this section we give some examples that illustrate the problems with the construction of the tax payment process and show the necessity of our assumptions.
We start with an example showing that for an adapted, càglàd strategy the tax payment process Π defined in (2.4) can be of infinite variation. This means that the tax credits from wash sales, which are the downward movements of Π, are infinite and it indicates that Π can in general not be constructed in a direct way as in (2.4) for elementary strategies. The example is based on frequent updates of the position invested in the stock s.t. upward movements have to be taxed before they are to some extent compensated by downward movements. Example 7.1 (A tax payment process of infinite variation). Let T = 1 and S be a standard Brownian motion. In the interval [0, 1/2] we buy and resell k 1 times a 1 stocks whereas each holding period takes 1/(4k 1 ) time units. We proceed analogously on [1/2, 3/4], [3/4, 7/8], . . .. The sequences (k n ) n∈N ⊂ N and (a n ) n∈N ⊂ R + specifying the number of buying times resp. the number of stocks in the interval [1 − 2 −(n−1) , 1 − 2 −n ] should satisfy a n → 0, n → ∞ and 1 2 n+1 k n k n a n = √ k n 2 (n+1)/2 a n ≥ 1, ∀n ∈ N.
(7.1)
Of course such a choice is possible. The strategy is plotted in Figure 4 . Denote by d n := 1/(2 n+1 k n ) the holding period of purchases in the interval [1 − 2 −(n−1) , 1 − 2 −n ]. Then, the strategy is formally given by ϕ t := ∞ n=1 a n kn k=1 1 (1−2 −(n−1) +2(k−1)dn,1−2 −(n−1) +(2(k−1)+1)dn] (t).
As a n → 0 we have that lim t→1 ϕ t = 0 and thus ϕ ∈ L. The accumulated tax credits are given by the nondecreasing process (cf. the second item in Remark 2.5). For different n, k the summands are stochastically independent and by the scaling property of the Brownian motion they coincide in law with a n √ 2 n+1 k n (−α) inf
where B is again a Brownian motion. By the law of large numbers we have that
Together with (7.1) this implies the existence of a K ∈ N s.t.
B s (ϕ n • S t ) + ) → 0, n → ∞, see Theorem 1.7 of [2] (shifting the strategies by the constants ||ϕ n || ∞ shows that they can be chosen nonnegative). As the book profits vanish, i.e.
∞ 0 F n (·, x) dx → 0 uniformly in probability for ||ϕ n || ∞ → 0, we have by Proposition 4.1 that Π n does not tend to zero, whereas the elementary strategy ϕ = 0 leads to zero tax payments. Remark 7.3. Tax payments are not continuous w.r.t. pointwise convergence of elementary strategies. Indeed, let ϕ n = 1 (0,1/2]∪(1/2+1/n,1] . ϕ n converges pointwise to ϕ = 1 (0,1] and ϕ n • S → ϕ • S uniformly in probability. But, in contrast to ϕ, the strategy ϕ n realizes current book profits at time 1/2. Thus it is not possible to define the tax payment process as unique continuous extension w.r.t. pointwise convergence to the space of all predictable locally bounded strategies as it is done for the stochastic integral, cf. Theorem I.4.31 in [11] . It seems that the convergence "uniformly in probability" for trading strategies is taylor-made for modeling capital gains taxes. The strategy set L is still rich enough to cover almost all relevant strategies in applications.
